center, splitting apart in the momentum range p p c . The electron dispersion at p ∼ p c is highly anisotropic, due to trigonal warping effects generated by skew interlayer hoppings, with inverted orientation in valley K .
The interplay between these factors makes an undoped film of rhombohedral graphite a 2D semi-metal (2DSM), becoming a 2D metal (2DM) and, eventually, a bulk metal (3DM) upon n-or p-doping. In that the system may be tuned into a gap-full insulator, Fig. 1c . A spectral gap can also be induced by spontaneous symmetry breaking into a magnetic state [24, 25] , making ∆ spin dependent.
When subjected to an external magnetic field perpendicular to the plane of a film, the low-energy spectrum splits into interweaving electron-like and hole-like Landau levels (LLs).
For a film of rhombohedral graphite, a representative example is shown in Fig. 1d computed for N = 10 layers (see Methods), with electron-like LLs dispersing upwards for energy E 20 meV, hole-like LLs dispersing downward for E 0 meV, and both kinds of levels present in the semimetallic range 0 E 20 meV, where one can relate the electron-like and hole-like LLs to different parts of the 2D electron Fermi lines illustrated in the insets. In Fig. 1e , we show how the LL spectrum is modified by the opening of a gap (electrostatically controlled, or induced by exchange energy) which enhances some of the avoided crossings in the LL spectrum.
To develop intuition about the LL spectra shown in Fig. 1 as well as to anticipate magnetoconductivity of an ABC film, we use a simplified two-band model which we derived from the full HkpTB by projecting the 2N × 2N Hamiltonian onto the pair of surface states in the outermost (bottom and top) layers,
Here, m ∼ 0.4m 0 (see Methods), we use a vector σ = (σ x , σ y , σ z ) of Pauli matrices acting in the space of surface states and
, and incorporate the arbitrarily-oriented magnetic field with components both perpendicular, B z , and parallel, B = (B x , B y ), to the film. In Eq.(1), the two valleys of graphite K = (4π/3a, 0) and K = −K are indexed by ξ = 1 and −1 respectively. In the expression for∆ we take into account the effect of the Lorentz boost experienced by electrons tunneling between surface states, where
, a z is the interlayer distance and −e is the electronic charge. In the definition of operator κ and its Hermitian conjugate, κ † , we use the Landau gauge for the out-of-plane magnetic field B z , whereas, for
arises from interlayer hoppings (skew hopping between neighboring layers γ 3 and 'vertical' next-layer hopping γ 2 in addition to γ 1 mentioned earlier) passing electrons from one surface to another [15] , and the summation is taken over integers n i ≥ 0 such that n 1 +2n 2 +3n 3 = N .
Qualitatively, the spectrum ofĤ, ± (p) = p 2 /(2m )±|d|, reproduces the exact multilayer H generates N separate groups of 4-fold degenerate low-energy LLs, which were considered to be degenerate in previous studies [14, 20] where the effects of γ 4 and δ were neglected, and X(p) ≈ (−κ † /p c ) N resulted in a Berry phase N π singularity at p = 0. At high fields, this group of N LLs clearly separates from electron-and hole-like levels in the spectrum, whereas, at low fields, their mixing with hole-like dispersive LLs leads to an additional two-fold degeneracy for all but the = 0 level.
The other notable feature of the low-energy 'non-dispersive' LLs is that their states in opposite valleys are located on opposite surfaces of the film. Consequently, when asymmetry, ∆, between the bottom and top surfaces is introduced by, e.g, a displacement field, E z , these LLs split apart, lifting the valley degeneracy. This evolution can be traced in the LL spectrum shown in Fig. 1e where K and K valley states are marked using different colors.
The first noticeable difference is that, now, groups of N lowest-energy LLs in opposite valleys can be traced to ±∆/2 convergence points marked by arrows in Fig. 1e . To highlight the difference in the LLs spectra in the opposite valleys, we plot them separately in Fig. 2 , and point out that groups of LLs that converge towards the top of the valence band (highlighted in black) slightly differ in valleys K and K . As these states originate from the valence band maxima, where the electron dispersion is approximately parabolic, the difference between LL spectra reflects topological properties of electron states as characterized by Berry curvature Ω (±) (p) and associated magnetic moment m z (p) [1, 2] ,
where u In the small magnetic field range where electron dynamics can be described classically (rather than using Landau quantization), the splitting of magnetic moments at the valence band edges in the opposite valleys would shrink the size of the Fermi pockets for the holes in one valley and expand them in the other. The resulting valley polarization of holes would manifest itself in transport characteristics. This is because, in the presence of in-plane electric field E, carriers in bands with Berry curvature experience a drift [2, 26] , so that together, Berry curvature and valley polarization produce an anomalous contribution for an ABC graphitic film in the 2DSC range, as a function of photon energy ω, calculated in the full multi-band model (see discussion in Methods).
to the Hall effect,
Here i lists all Fermi lines L i in valley K for both ± bands, and the linear integral is taken in the anticlockwise direction along each Fermi line, L i . When combined with the classical kinetic Hall coefficient,
γ dp m γy , computed for the same band structure (m
) and elastic scattering time τ = 10 −13 s, this yields the overall Hall conductivity, σ xy , displayed in Fig. 3b .
The doping density dependence of the overall Hall conductivity, shown in Fig. 3b for tenand twenty-layer films with ∆ = 10 meV and 30 meV, carries certain features reflecting the distribution of Berry curvature and magnetic moment (Fig. 2a) across the electron dispersion. According to the parametric plot shown on the basal plane of Fig. 3a , a tenlayer film with ∆ = 30 meV is a gapful 2D semiconductor (2DSC), so that the states with the maximium m z Ω near the valence band edge (Fig. 1c ) are reached at a relatively small p-doping, resulting in a hump in σ xy (n e ) at n e < 0 indicated by a star. For a smaller gap, the film appears to be a 2D semimetal (2DSM), so that the part of the band where m z Ω is the largest is set above the Fermi level for undoped materials, shifting the hump in σ xy to n e > 0. Also, according to Fig. 3a, a film with N = 20 layers should be a 2DSM for both used values of ∆, which is why a hump in σ xy appears on the n-doping side for ∆ = 10 meV and is extended over the neutrality point for ∆ = 30 meV, with a double-peak structure caused by the convolution of the m z Ω product and the density of states with a pronounced
Van Hove singularity (pointed by arrows) in Eq.(2).
Pumping inter-band transitions with circularly polarized photons induces a partial valley polarization in graphene and graphite (thus breaking the time-inversion symmetry). Combined with the Berry curvature effect, this would produce a Hall-like drift current (at B z = 0) perpendicular to the static in-plane electric field, which can be characterized by an anomalous transverse photoconductivity, δσ xy , which appears to be especially pronounced for ABC graphitic films in the 2DSC regime. This effect is determined by the resonant inter-band absorption of circularly-polarized photons with energy ω with absorption coefficient g(ω), plotted in Fig. 3c ,
where ζ = ±1 stands for left/right handed circular polarization of the pump (radiation is approaching from the top) with power density W and τ rec is the lifetime of photo-excited holes at the top, p max , of the valence band in the photo-activated valley.
Semiconducting ABC graphitic films may be also used to create topologically-protected edge modes at interface regions with an inverted sign of ∆, controlled,e.g., by an oppositelydirected displacement field. Similarly to a ±∆ domain wall in bilayer graphene [27] , a ±∆ interface in N layer ABC graphite would host N co-propagating one-dimensional bands inside the spectral gap (with opposite direction of propagation in K and K valleys). Also, an atomic step in the film thickness may produce an isolated pair of edge states inside the gap (one in each valley with opposite directions of drift),but this feature will depend on the crystallographic orientation of the edge: it would be best developed for a zigzag termination of the additional layer, and it would be suppressed for the armchair edge due to valley mixing.
Finally, as the gapful spectrum of an ABC film may be the result of many body effects leading to a spontaneous spin/valley symmetry breaking [28, 29] , topological features of ABC The Hamiltonian that determines the electronic bands in N -layer rhombohedral graphite
where we use 2 × 2 blocks
Here a z is the interlayer spacing, v = (
and a is the in-plane lattice constant. The intra (D n ) and interlayer (V n,n+1 ) elements take into account the in-plane components B x , B y of an arbitrarily-oriented magnetic field. for A n and (φ 0 , φ 1 , · · · , φ N 0 +n ) for B n , where N 0 = 250 is a cutoff. The result of the exact diagonalization is shown in Fig. 1d and e, indicating that the two-band model is sufficient to catch the qualitative features in the behavior of LLs at small magnetic fields, but with substantial quantitative deviations developing at B z > 8 T.
